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Frenkel-like plasmonic excitons in plasmonic lattices:
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The concept of quantum plasmonic excitations in plasmonic lattices, which similarly to Frenkel
excitons in molecular crystals propagate by hopping from one nanoparticle to another, is introduced.
A consistent quantum theory of such plasmonic excitons, beginning with the quantization of localized
surface plasmons in a metal nanoparticle and including the radiative relaxation in both 1D and 2D
lattices near a reflective substrate surface, is developed. A possible room-temperature Bose-Einstein
condensation in the quantum gas of plasmonic excitons is also discussed.
I. INTRODUCTION
The field of plasmonics has recently received a new,
quantum dimension. Quantum plasmonics embraces any
quantum effects which emerge in the interaction between
light and metal nanostructures. It holds promise for di-
verse quantum technologies, including quantum comput-
ing, quantum cryptography, metrology and sensing1–7.
While the quantum properties of light and atomic light
emitters have been thoroughly investigated in quantum
optics, the quantum nature of surface plasmons, which
are supported by metal sub-wavelength structures, has
not yet received a proper attention. In particular, the
quantization of surface plasmon modes of spherical metal
nanoparticles (NPs) and their arrays - one of the most
simple, albeit rigorous, models in plasmonics - has not
been comprehensively treated.
The analysis of surface plasma oscillations in a metallic
sphere was first given by Jensen in 19378. He used the
hydrodynamical model for an electron gas which oscil-
lates in the field of homogeneously smeared out positive
charge of nuclei. Basing on this so-called jellium model,
Crowell and Ritchie9 first quantized the surface plasmon
field to calculate the cross section for surface plasmon
creation by fast electrons and the radiative decay rate
for dipole surface plasmons. Their paper remained, how-
ever, some aspects of quantization, which are important
for other applications, beyond its scope.
The quantum properties of arrays of metal NPs, which
are known as plasmonic lattices or plasmonic crystals,
have not been explored in detail as well. Linear chains
of metal NPs can operate as plasmon waveguides and
switching elements, which provide a sub-wavelength en-
ergy transport10–15. These phenomena are usually de-
scribed in terms of coupled (collective) plasmon modes
which originate from the classical near-field electrody-
namic interaction between NPs12,16,17. The coupling
strength, which is obtained in such a model and is inher-
ently classical, then is used to construct a Hamiltonian
in order to describe the quantum behavior of a metal
NP array18–20. Although one writes the Hamiltonian in
the quantized form, its eigenfunctions are not introduced
that obscures the physical sense of the corresponding
quantum states. Moreover, the knowledge of the wave
functions allows one to calculate the transition matrix
elements relevant to different processes which involve a
transition between plasmonic states. In particular, they
can be used to obtain the radiative relaxation rates in a
very simple manner exploiting Fermi’s golden rule.
The above arguments reveal a need in a consistent quan-
tum approach, which provides both the spectrum of
quantum plasmonic states and the corresponding wave
functions. In the present paper, we theoretically investi-
gate the energy spectrum of quantum plasmonic excita-
tions in both 1D and 2D spherical metal NPs arrays and
their radiative relaxation rates in the vicinity of a reflec-
tive substrate surface. We show that such states form
excitation waves and their wave packets, which we call
”plasmonic excitons”, propagate by hopping from one
nanoparticle to another, similarly to Frenkel excitons in
molecular crystals21,22. These quasiparticles should not
be confused with plasmon-exciton polaritons23, which
originate from a coupling between plasmon modes of a
lattice, ordinary excitons in the incorporated dye and in-
cident light.
This view gives a hint that plasmonic excitons, like other
Bose quasiparticles (photons in a cavity, excitons, exci-
ton polaritons, surface plasmon polaritons in plasmonic
lattices, etc.), can exhibit collective quantum behav-
ior, in particular Bose-Einstein condensation23–28. In
the present paper, we derive analytical expressions for
the critical temperature of Bose-Einstein condensation
in both 1D and 2D quantum gases of plasmonic exci-
tons. We show that the transition to the condensate
phase can occur at room temperature for moderate num-
bers of quasiparticles.
The paper is organized as follows. In Sec. II, a de-
tailed description of the quantization of multipole plas-
mon modes of a metal sphere, which provides a basis for
the further discussion, is given. In Sec. III, the plasmonic
excitons in both 1D and 2D plasmonic lattices are intro-
duced and their energy spectrum and wave functions are
found. In Sec. IV, the radiative relaxation rates for plas-
monic lattices suspended above a reflective surface are
calculated. The Bose-Einstein condensation of the quan-
tum gas of plasmonic excitons is discussed in Sec. V. In
Sec. VI, the main results of the paper are summarized.
2II. QUANTIZATION OF LOCALIZED SURFACE
PLASMONS
A. Hydrodynamical model
The motion of electrons is governed by three cou-
pled partial differential equations, written by Crowell and
Ritchie9 in the form
∇ ψ˙(r, t) = − e
m
∇φ(r, t) + β
2
n0
∇n(r, t), (1)
∇2φ(r, t) = 4πen(r, t), (2)
∇2ψ(r, t) = 1
n0
n˙(r, t), (3)
which are the force equation, Poisson’s equation and con-
tinuity equation, respectively. Here ψ(r, t) is the velocity
potential which determines the electron velocity through
the relation v(r, t) = −∇ψ(r, t), φ(r, t) is the electro-
static potential, n(r, t) is the deviation of the electron
density from its equilibrium value n0, e and m are the
electron charge and mass, respectively, and a dot above
a symbol denotes the partial time derivative. The quan-
tity β is the root mean square speed which character-
izes the propagation of the electron density disturbance.
It can be expressed in terms of the Fermi velocity as
β = (3/5)1/2vF
29.
Equations (1)-(3) should be complemented by the bound-
ary conditions which express the continuity of the electro-
static potential along with the normal component of the
electric displacement vector at the surface of the sphere,
r = R, and the vanishing of the normal component of the
electron velocity at the surface of the sphere, i.e.(
∂
∂r
ψ(r, t)
)
r=R
= 0. (4)
One can notice that the action of the ∇ operator on Eq.
(1) and taking the time derivative of Eq. (3) give the
same left hand side parts. Equating the corresponding
right hand side parts and using Eq. (2), one obtains the
equation for the electron density disturbance
n¨(r, t)− β2∇2n(r, t) + ω2pn(r, t) = 0, (5)
where
ωp =
√
4πe2n0
m
(6)
is the plasma frequency. Considering the harmonic oscil-
lations in the form n(r, t) = ρ(r) cosωt, one comes to the
equation for the amplitude ρ(r)
∇2ρ(r)− ω
2
p − ω2
β2
ρ(r) = 0. (7)
The solution of Eq. (7) is found by means of expansion
in terms of the spherical harmonics, Ylm(θ, ϕ), as follows
ρ(r, θ, ϕ) =
∑
lm
Almjl[i(ω
2
p − ω2)1/2r/β]Ylm(θ, ϕ), (8)
where jl(x) is the spherical Bessel function of the first
kind of order l and Alm are the coefficients which can
be found from the initial conditions. This expansion de-
composes the collective electron oscillations into different
modes specified by the integers l and m. We assume
here and in what follows that Ylm(θ, ϕ) are the real,
normalized spherical harmonics; the values 0 ≤ m ≤ l
correspond to the even functions of ϕ, while the values
−l ≤ m < 0 correspond to the odd functions of ϕ30. The
implementation of the boundary conditions leads to the
dispersion relations given in Ref.9 which determine the
allowed frequencies ωl for each mode.
The argument of the spherical Bessel function in Eq.
(8) dictates the characteristic length scale δl = β/(ω
2
p −
ω2l )
1/2. If δl ≪ R one can use the asymptotic expansion
of the functions jl(x) in the dispersion relation. Assum-
ing that ωl ∼ ωp and taking for an estimate ωp ∼ 1016
s−1 and vF ∼ 108 cm/s, one obtains δl ∼ 1A˚. For large
enough spheres such that R ≫ 1A˚ the dispersion re-
lation is reduced to ω2l = ω
2
pl/[ǫm(l + 1) + l] with ǫm
being the dielectric constant of the medium surrounding
the sphere9. In particular, for the dipole plasmon mode
(l = 1) ω1 = ωp/(2ǫm + 1)
1/2.
Under the same conditions the amplitude ρ(r) for points
not very close to the center of the sphere takes the form
ρ(r, θ, ϕ) ≈ 1
2r
∑
lm
ilδle
R/δle−(R−r)/δlAlmYlm(θ, ϕ). (9)
This quantity drops very rapidly (on the scale of 1 A˚)
with the distance from the surface of the sphere that
allows one to approximate the radial dependence of the
electron density disturbance by Dirac’s delta function as
follows
n(r, θ, ϕ) ≈ δ(r −R)σ(θ, ϕ), (10)
where
σ(θ, ϕ) =
∑
lm
σlmYlm(θ, ϕ) (11)
is the surface density of the electron disturbance and σlm
are constants related with Alm.
In this approximation, the electrostatic potential both
inside and outside the sphere obeys the Laplace equation
∇2φ(r) = 0, whereas the jump of the normal component
of the electric displacement vector at the surface of the
sphere is equal to 4πeσ(θ, ϕ). The solution of this stan-
dard electrostatic problem gives
φin(r) =
∑
lm
( r
R
)l
φlmYlm(θ, ϕ) (12)
for the potential inside the sphere and
φout(r) =
∑
lm
(
R
r
)l+1
φlmYlm(θ, ϕ) (13)
3for the potential outside it with
φlm = − 4πeR
ǫm(l + 1) + l
σlm. (14)
Let us integrate now the equation ψ˙ = −(e/m)φ +
(β2/n0)n, which follows from Eq. (1), over a small ra-
dial interval (R− δ, R+0), where δ ∼ β/ωp is the length
scale within which the electron density disturbance is lo-
calized. Taking into account Eq. (10), one obtains
δψ˙R(θ, ϕ) ≈ −δ e
m
φR(θ, ϕ) +
β2
n0
σ(θ, ϕ), (15)
where
ψR(θ, ϕ) =
∑
lm
ψlmYlm(θ, ϕ) (16)
and
φR(θ, ϕ) =
∑
lm
φlmYlm(θ, ϕ) (17)
are the values of ψ(r) and φ(r), respectively, at r = R.
Equation (15) is reduced to the following partial equa-
tions
δψ˙lm ≈ β
2
n0
{
R
δ[ǫm(l + 1) + l]
+ 1
}
σlm. (18)
For not very large l, such that ǫm(l + 1) + l ≪ R/δ, the
unity in the curly brackets can be neglected that leads to
the approximate relation
ψ˙lm ≈ ω
2
lR
ln0
σlm. (19)
Assuming that σlm ∼ cosωlt and ψlm ∼ sinωlt one finds
from here
ψlm ≈ − R
ln0
σ˙lm. (20)
B. Hamiltonian
The Hamiltonian of electrons has the form9
H = −1
2
∫ (
mn0ψ∇2ψ + eφn− mβ
2
n0
n2
)
dr, (21)
where the term corresponding to the kinetic energy has
been obtained using Green’s theorem and Eq. (4). This
term can be further transformed with the use of Eq. (3),
while the sum of the other two terms can be simplified
with the use of Eq. (1). As a result one obtains
H =
m
2
∫
(nψ˙−ψn˙)dr = m
2
R2
∫
(σψ˙R−ψRσ˙)dΩ, (22)
where dΩ = sin θdθdϕ and we have used Eq. (10). Sub-
stituting here expansions (11) and (16), one comes to the
expression
H =
m
2
R2
∑
lm
(σlmψ˙lm − ψlmσ˙lm), (23)
where we have used the orthonormality of the spherical
harmonics. Finally, with the use of Eqs. (19) and (20)
the Hamiltonian takes the form
H =
1
2
∑
lm
(P 2lm + ω
2
lQ
2
lm), (24)
where
Qlm =
√
mR3
ln0
σlm (25)
and Plm = Q˙lm are the canonical plasmonic field vari-
ables - the generalized coordinates and momenta, respec-
tively, associated with the plasmonic mode {lm}31.
Equation (24) provides the expansion of the Hamiltonian
of electrons in terms of the Hamiltonians of elementary
harmonic oscillators of the plasmonic field. To make the
transition to its quantum description one has to consider
the canonical variables as operators satisfying the com-
mutation rules32
[Pˆlm, Qˆl′m′ ] = −ih¯δll′δmm′ . (26)
The annihilation and creation operators of plasmonic
quanta in the mode {lm} are introduced as
aˆlm =
1√
2h¯ωl
(
ωlQˆlm + iPˆlm
)
(27)
and
aˆ†lm =
1√
2h¯ωl
(
ωlQˆlm − iPˆlm
)
, (28)
respectively. Then the normally ordered quantized
Hamiltonian takes the form
Hˆ =
∑
lm
h¯ωlaˆ
†
lmaˆlm. (29)
Its eigenvalues are given by
E =
∑
lm
Nlmh¯ωl, (30)
where Nlm is the number of plasmonic quanta in the
mode {lm}.
Taking into account Eqs. (27), (28) and (25), one finds
σˆlm =
√
lh¯n0
2mωlR3
(
aˆlm + aˆ
†
lm
)
. (31)
4The operators of the electrostatic potential inside and
outside the sphere, φˆin and φˆout, are obtained from Eqs.
(12) and (13), respectively, by means of the substitution
φˆlm = −
√
2πlh¯ωl
[ǫm(l + 1) + l]R
(
aˆlm + aˆ
†
lm
)
. (32)
In particular, the contribution of the dipole plasmonic
mode (l = 1) of the sphere suspended in vacuum (ǫm = 1)
to the electrostatic potential is identical with the result
given by Crowell and Ritchie9.
It is also of interest to calculate the operator of the dipole
moment, pˆ, of the sphere which we will use later on.
Taking the direction of the dipole moment specified by
the unit vector eˆ as the z axis, one finds
pˆ = eˆe
∫
zρˆ(r)dr = eˆ
√
4π
3
eR3σˆ10
= eˆ
√
2ǫm + 1
6
√
h¯ω1R3
(
aˆ10 + aˆ
†
10
)
. (33)
C. Interaction of two spheres
The operator of the electrostatic interaction between
two identical spheres can be found as
Vˆ = −e
2
∫ (
ρˆ(1)φˆ
(2)
out + ρˆ
(2)φˆ
(1)
out
)
dr
= −e
2
R2
∫ (
σˆ(1)φˆ
(2)
out + σˆ
(2)φˆ
(1)
out
)
dΩ, (34)
where the superscripts (1) and (2) refer to the first and
second sphere, respectively. Assuming that the radius
of the spheres is much smaller than the distance between
them, d, and expanding the interaction potential in terms
of the ratio R/d keeping the lowest non-vanishing terms,
one obtains
Vˆ =
1
2
(
R
d
)3
h¯ω1(1− 3 cos2 θ0)
×
(
aˆ
(1)
10 + aˆ
(1)†
10
)(
aˆ
(2)
10 + aˆ
(2)†
10
)
, (35)
where we have assumed that only the dipole mode {10}
can be populated in both spheres and θ0 is the angle
between the quantization axis and the line connecting the
centers of the spheres. This operator can be rewritten in
terms of the dipole moment operator, Eq. (33), as follows
Vˆ =
3
2ǫm + 1
1
d3
[
pˆ(1) · pˆ(2) − 3(pˆ(1) · n)(pˆ(2) · n)
]
,
(36)
where n is the unit vector directed along the line between
the centers of two spheres.
The Hamiltonian of two interacting spheres has the form
Hˆ = Hˆ(1) + Hˆ(2) + Vˆ , (37)
where Hˆ(1) and Hˆ(2) are the Hamiltonians of isolated
spheres given by Eq. (29). The unperturbed Hamilto-
nian, Hˆ(1) + Hˆ(2), has a twofold degenerate eigenvalue
E0 = h¯ω1 which corresponds to a single dipole plasmon
quantum in the system located either at one sphere (the
state ψ1 =| 10〉) or another (the state ψ2 =| 01〉). The
correct wave functions in the zeroth approximation are
linear combinations of the form33
Ψ = c1ψ1 + c2ψ2, (38)
where the coefficients c1 and c2 are found from the secular
equation and we assume that the wave functions ψ1 and
ψ2 are normalized to unity. The first-order corrections
to the eigenvalue are given by E1 = ± | V12 |, where
V12 = V21 =
1
2
(
R
d
)3
h¯ω1(1− 3 cos2 θ0), (39)
i.e. the energy spectrum of the dipole plasmon modes
displays a splitting of magnitude 2 | V12 |.
The solution of the secular equation reveals33 that if
at the initial instant the plasmon quantum is localized
at one sphere, the probability to find it at another
sphere will vary periodically with time, with frequency
ω0 = 2 | V12 | /h¯. This consideration does not take, how-
ever, into account the relaxation processes. Nevertheless
it provides an adequate description if the relaxation
time, τ , is longer than the period of such oscillations
T = 2π/ω0. Alternatively, the relaxation rate, τ
−1,
should be less that the frequency of oscillations. Taking
for an estimate τ ∼ 10−12 s34 and 2π/ω1 ∼ 10−15 s, one
finds that this criterion is fulfilled if R/d > 0.1.
D. Radiative relaxation in a sphere
The formalism developed above allows one to apply
the results obtained for radiative processes in a two-level
quantum system. Let us consider the rate of the radiative
relaxation in a metallic sphere in which the dipole plas-
monic mode is populated with a single quantum. Such
a process can be regarded as spontaneous annihilation
of a plasmon and simultaneous creation of a photon due
to the interaction with the electromagnetic vacuum of
the surrounding medium. In the dipole approximation,
which is valid if the sphere diameter is much smaller than
the wavelength of interest, its rate is found from Fermi’s
golden rule as32
w =
4
√
ǫmω
3
1
3h¯c3
| pfi |2, (40)
where c is the speed of light in vacuum, pfi is the tran-
sition dipole moment between the initial and final states
and we have taken into account both the reduction of the
speed of light and the renormalization of the electric field
creation and annihilation operators in a dielectric35.
5In our case the initial state is the state with a single
dipole plasmon quantum, | 1〉, while the final state is the
vacuum state of the plasmonic field, | 0〉. The substitu-
tion of the dipole moment operator, Eq. (33), into Eq.
(40) gives
w =
2
9
√
ǫm(2ǫm + 1)
ω41R
3
c3
. (41)
This expression is identical with the result obtained in
Ref.36 from a classical consideration and it coincides
with the formula given in Ref.9 for ǫm = 1. For example,
for an Ag sphere of radius R = 20 nm embedded into
a medium with ǫm = 2.25 (ω1 = 6.0 × 1015 s−1) one
obtains w ≈ 7.0× 1014 s−1.
Let us note that if in the initial state the dipole plasmon
mode is populated with N quanta, the radiative relax-
ation (plasmon annihilation) rate is given by Nw, i.e. it
is a process stimulated by plasmons.
III. PLASMONIC EXCITONS
The results highlighted in the previous section allow
one to develop a quantum description of plasmonic
excitations in plasmonic lattices. We assume that the
distance between NPs is large enough so that no electron
tunneling is possible between them. We are interested
in the lowest excited state of such a system in which one
NP is excited (i.e. its dipole plasmon mode is populated
with a single quantum) and the others are non-excited.
This objective resembles the problem of finding excited
states of a molecular crystal discussed first by Frenkel21
and can be treated in a similar way. In what follows, we
consider 1D lattices (linear chains) and rectangular 2D
lattices of NPs.
A. 1D lattice
One can generalize the results obtained in Sec. II C for
two NPs to a linear chain of N identical NPs separated
by the distance a from each other. This time the excited
state is N -fold degenerate and different eigenstates ψi of
the unperturbed Hamiltonian correspond to the excita-
tion localized at the i-th NP. The correct wave functions
in the zeroth approximation have the form
Ψ =
N∑
i=1
ciψi. (42)
Assuming that only the interaction between neighboring
NPs is essential37, one obtains the matrix of the interac-
tion operator in the basis of functions ψi in an N × N
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0
0.998
0.999
1.000
1.001
1.002
E/
h
1
kn, /a
FIG. 1. The plasmonic exciton energy spectrum (shown by
dots) normalized to E0 = h¯ω1 for the NP dipole oscillations
parallel (‖) and perpendicular (⊥) to the linear chain of NPs.
(The negative values of kn correspond to the opposite direc-
tion of propagation.) R/a = 0.1 and N = 20.
tridiagonal Toeplitz form
Vˆ =


0 V12 0 · · · 0 0
V21 0 V12 · · · 0 0
0 V21 0 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · 0 V12
0 0 0 · · · V21 0


. (43)
The eigenvalues of this matrix, which determine the first-
order corrections to the unperturbed energy E0 = h¯ω1,
are found as38
E1n = 2V12 cos
(
nπ
N + 1
)
, (44)
where V12 is given by Eq. (39) with d replaced by a
and n = 1, 2, ..., N . For a large number of NPs, N , the
eigenvalues form a quasi-continuous excitonic band
E(k) = E0 + 2V12 cos ka (45)
disposed between the energies E0 − 2 | V12 | and
E0 + 2 | V12 |.
The components of the eigenvectors ~cn =
(cn1, cn2, ..., cnN )
T associated with the eigenvalues E1n
have the form38
cnj = sin
(
njπ
N + 1
)
, n, j = 1, 2, ..., N. (46)
The corresponding wave functions
Ψn = An
N∑
j=1
cnjψje
(−i/h¯)Ent (47)
6with An being the normalization factor and En = E0 +
E1n can be regarded as standing waves of the prob-
ability amplitude which are composed of two counter-
propagating waves
Ψn± = An±
N∑
j=1
ψje
±iknxje(−i/h¯)Ent, (48)
where the wave vector of the waves is defined as
kn =
nπ
(N + 1)a
(49)
and the coordinate xj = ja specifies the position of the
j-th NP in the chain.
The solutions (48) have a sense of the excitation waves
with the energy En and the wave vectors ±kn. If the
plasmonic excitation is initially localized at a certain NP,
the corresponding wave function is represented by a wave
packet of such excitation waves which propagates with
the group velocity
v =
1
h¯
∂En
∂kn
= −2V12a
h¯
sinkna. (50)
It can be either positive or negative, depending on
the sign of V12 which is dictated by the polarization
of the dipole plasmon oscillations [see Eq. (39)]. In
other words, the direction of the plasmonic exciton
propagation can be controlled by the polarization of the
external electromagnetic field which excites it.
B. 2D lattice
Let us consider now a 2D rectangular array of identical
NPs, which containsN1 NPs along the x axis andN2 NPs
along the y axis, with an elementary cell of size a × b.
Such a structure can be considered as interacting linear
chains of NPs, which have been discussed in Sec. III A.
The Hamiltonian of the system can be written in the form
Hˆ =
N2∑
i=1
Hˆi +
N2∑
i=1
j=i±1
Vˆij , (51)
where Hˆi is the Hamiltonian of the i-th linear chain and
Vˆij is the operator of the interaction between the i-th and
j-th chains in assumption of interaction between neigh-
boring NPs. The unperturbed Hamiltonian,
∑N2
i=1 Hˆi,
hasN2-fold degenerate eigenvalues E0+E1n [see Eq. (44)
with N replaced by N1]. Taking the correct wave func-
tions in the zeroth approximation in the form
Φn =
N2∑
i=1
dinΨin, (52)
where Ψin are the normalized eigenfunctions of the
Hamiltonian Hˆi, one obtains an N2 × N2 matrix of the
operator Vˆ in a tridiagonal Toeplitz form as before [see
Eq. (43)]. Its eigenvalues
E′1n′ = 2V
′
12 cos
(
n′π
N2 + 1
)
, (53)
where V ′12 is given by Eq. (39) with d replaced by b and
n′ = 1, 2, ..., N2, provide the first-order corrections to the
energies of non-interacting chains of NPs.
Finally, the plasmonic exciton spectrum is given by
Enn′ = E0 + 2V12 cos
(
nπ
N1 + 1
)
+2V ′12 cos
(
n′π
N2 + 1
)
, (54)
where n = 1, 2, ..., N1 and n
′ = 1, 2, ..., N2. The corre-
sponding eigenfunctions have the form
Φnn′ = Ann′
N1∑
j=1
N2∑
k=1
sin
(
njπ
N1 + 1
)
sin
(
n′kπ
N2 + 1
)
×ψjke(−i/h¯)Enn′t,(55)
where the wave function ψjk describes an excitation lo-
calized at the j-th NP in the k-th chain. They can be
represented as a superposition of propagating probability
waves with the wave vectors knn′ = kneˆx + kn′ eˆy with
kn = nπ/(N1 + 1)a and kn′ = n
′π/(N2 + 1)b, and eˆx
and eˆy being the unit vectors along the x and y axes,
respectively.
In the case of a 2D plasmonic lattice, the group veloc-
ity of the plasmonic excitons depends on the direction of
their propagation. Its components along the two lattice
axes are given by
vx = −2V12a
h¯
sinkna (56)
and
vy = −2V
′
12b
h¯
sin kn′b. (57)
IV. RADIATIVE RELAXATION
The knowledge of the plasmonic exciton wave func-
tion allows one to calculate its radiative relaxation rate
through Fermi’s golden rule. This problem can be put
in a more general context of NP arrays radiating in the
vicinity of a reflective surface. In this section, we shall
consider both 1D and 2D plasmonic lattices arranged par-
allel to the substrate surface.
In the dipole approximation, the interaction of a system
of N NPs with the radiation field is described by the
operator
HˆI = −
N∑
j=1
pˆj · Dˆ(rj), (58)
7where pˆj is the dipole moment operator of the j-th NP lo-
cated at rj and Dˆ(r) is the transverse displacement field
operator. The transition rate from an initial state | i〉 of
the system to its final state | f〉 due to the interaction
(58) is found as39
Rfi =
2
h¯
N∑
j,k=1
∑
α,β
pfijαp
if
kβImGαβ(rj , rk;ωfi), (59)
where Gαβ(r, r
′;ω) is the Fourier transform of the field
correlation function and ωfi is the transition frequency.
The quantity Gαβ(r, r
′;ω) can be identified with the ex-
pectation value of the displacement field at r generated
by a classical dipole, oscillating at frequency ω, located
at r′. It can be split into two parts,
Gαβ = G
0
αβ +G
R
αβ , (60)
where the first term originates from the direct dipole field
and the second term is due to the dipole field reflected
from the surface. Both quantities can be expressed in
terms of their spatial Fourier transforms over the lateral
coordinates along the surface,
G0,Rαβ (r, r
′;ω) =
1
(2π)2
∫
G0,Rαβ (z, z
′;κ, ω)eiκ·(ρ−ρ
′)dκ,
(61)
where r = (ρ, z), the z axis is directed along the normal
to the surface and the explicit forms of the tensors
G¯0,R(z, z′;κ, ω) are given in Appendix A.
A. 1D lattice
We consider the relaxation rate of the propagating
probability waves of the form (48)
Ψn =
1√
N
N∑
j=1
ψje
iknxje(−i/h¯)Ent, (62)
where the prefactor ensures the normalization of the wave
function to unity. In the course of the radiative transition
this wave function plays a role of the initial state, while
the final state is the vacuum plasmonic state in which all
NPs are non-excited. Calculating the transition dipole
moments and substituting them in Eq. (59), one finds
(see Appendix B for detail)
Rαfi ≈
(2ǫm + 1)ω1R
3
3a
θ
(
ω˜fi
kn
)
×
∫
ImGαα(z0, z0;κn, ωfi)dκy, (63)
where α = x, y, z specifies the orientation of the dipole
moments in NPs, ω˜fi = (ωfi/c)
√
ǫm, z0 is the dis-
tance between the chain of NPs and the surface and
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FIG. 2. The radiative relaxation rate in a 1D lattice of Ag
NPs at an Ag substrate as a function of the dimensionless
distance D = ω˜fiz0. The rate is normalized to its value at
infinite distance from the substrate for the same polarization.
The letters x, y, and z indicate the direction of the dipole
oscillations in NPs. The calculations carried out for the di-
mensionless wave vector K = k/ω˜fi = 0.85 and ǫm = 2.25.
κn = kneˆx+κyeˆy. Here the unit step function θ(x) indi-
cates that the radiative relaxation is inhibited if the wave
vector of the plasmonic exciton is in the non-radiative re-
gion kn > (ωfi/c)
√
ǫm.
Equation (63) determines in particular the radiative re-
laxation rate in a lattice suspended far from the substrate
if one substitutes G0αα instead of Gαα. For the dipoles
excited either along the chain of NPs, or perpendicular
to it one obtains
R0fi =
3πc3w
4
√
ǫmaω31
(
ω˜2fi ± k2n
)
θ
(
ω˜fi
kn
)
, (64)
where the upper and lower signs correspond to the dipoles
oriented perpendicularly and parallel to the chain, re-
spectively, w is the radiative relaxation rate for a single
NP, Eq. (41). This result for the perpendicular orien-
tation of dipoles agrees with the radiative damping rate
obtained in Ref.20 for the collective plasmon modes in
the limit of an infinite chain of NPs taking into account
that ωfi ≈ ω1 and ǫm = 1. It differs, however, by a factor
of two from those calculations for the parallel orientation
of dipoles.
Figures 2 and 3 show the radiative relaxation rate in a
1D lattice normalized to its value far from the substrate
surface as a function of the lattice-surface distance and
the wave vector of the exciton, respectively. Both de-
pendencies display oscillating behavior which originates
from the interference between the field radiated by the
lattice and the one reflected from the surface.
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FIG. 3. Same as in Fig. 2, but as a function of the dimen-
sionless wave vector K calculated for D = 6.5.
B. 2D lattice
In a 2D lattice, as an initial plasmonic state | i〉 we
consider the propagating probability waves
Φnn′ =
1√
N1N2
N1∑
j=1
N2∑
k=1
ψjke
iknn′ ·ρjke(−i/h¯)Enn′ t, (65)
where the position of a NP in the 2D array is specified by
the vector ρjk = jaeˆx + kbeˆy. In this case the transition
rate for the dipole moments oriented along eˆα is given by
Rαfi ≈
(2ǫm + 1)ω1R
3
3πab
θ
(
ω˜fi
knn′
)
ImGαα(z0, z0;knn′ , ωfi).
(66)
In particular, for a 2D lattice suspended in medium with
the dielectric function ǫm one finds
Rα0fi =
3c3wω˜2fi√
ǫmabω31Wnn′
θ
(
ω˜fi
knn′
)
ηα, (67)
where Wnn′ = (ω˜
2
fi − k2nn′)1/2 and η‖ = W 2nn′/ω˜2fi for
the longitudinal dipole oscillations along the wave vector
knn′, η⊥ = 1 for the transverse dipole oscillations in
the lattice plane, and ηz = k
2
nn′/ω˜
2
fi for the transverse
dipole oscillations perpendicular to the lattice plane.
V. BOSE-EINSTEIN CONDENSATION
So far we have considered the lowest-energy excited
states of plasmonic lattices which correspond to a single
plasmon quantum in the system. The higher excited
states can be described as an ensemble (”gas”) of such
quasiparticles which can ”collide” with both each other
and lattice phonons. The latter process can lead to their
thermalization if the transition frequency between the
adjacent excitonic levels is below the Debye frequency,
ωD, of NPs which form the plasmonic lattice. For ex-
ample, for silver NPs the Debye temperature TD = 215
K41 that corresponds to ωD = 3.0 × 1013 s−1 and this
condition for ǫm = 2.25 is fulfilled if (R/a)
3/N < 10−3.
An additional requirement for establishing a thermal
equilibrium is the dominance of the exciton-phonon
interaction over the other relaxation channels, i.e. the
thermalization rate should exceed both the radiative
relaxation rate and the Landau damping rate42.
While the Landau damping can be suppressed in
relatively large NPs43, the radiative decay is inhibited
for the excitonic states with k > (ωfi/c)
√
ǫm. The
latter states are not accessible for an incident light.
Nevertheless they can be excited in the attenuated total
reflection (ATR) configuration or with the use of a
grating which are common methods for the excitation of
surface polaritons44.
Being initially excited in a non-radiative state, the
plasmonic exciton gas can follow different scenarios
of thermalization, depending on where the excitonic
band energy minimum is located (see Fig. 1). If V12 is
negative, that occurs, for example, for the longitudinal
dipole oscillations, the energy minimum lies at the center
of the Brillouin zone (k = 0) and the thermalization
leads to the occupation of the rapidly decaying states in
the radiative region. If V12 is positive, that takes place,
in particular, for the transverse dipole oscillations, the
energy minimums are located at the boundary of the
first Brillouin zone (k = ±π/a) and the thermalization
leads to the occupation of the states for which the
radiative relaxation is inhibited. In what follows, we
consider the latter situation.
A. 1D lattice
The equilibrium populations of excitonic states follow
the Bose-Einstein distribution45. We assume here that
the number of NPs in the 1D lattice is large and the
excitonic states form a quasi-continuous spectrum. The
mean occupation number of the state with the energy E
is given by
n¯(E) =
1
e(E−µ)/kBT − 1 , (68)
where µ is the chemical potential, kB is the Boltzmann
constant and T is the lattice temperature. The total
number of quasiparticles in the lattice of length L is found
as
N = L
2π
∫ π/a
−π/a
dk
e[E(k)−µ]/kBT − 1 , (69)
where E(k) is given by Eq. (45). For V12 > 0 the en-
ergy band (45) has two minimums Emin = E0 − 2V12 at
9k = ±π/a.
Equation (69) implicitly determines the chemical poten-
tial of an ideal 1D ”Bose gas” of plasmonic excitons in
terms of its temperature and linear density N/L. For
a Bose gas the difference Emin − µ is always positive45
and if the temperature of the gas is lowered at constant
density, it decreases, tending to zero. The corresponding
critical temperature T0 is determined by the equation
N
L
=
1
π
∫ kN
0
dk
eǫ(k)/kBT0 − 1 , (70)
where ǫ(k) = E(k) − Emin = 2V12(1 + cos ka) is the
exciton energy counted from Emin. We have cut here the
integral off at the wave vector of the lowest-energy state
kN = Nπ/(N + 1)a to avoid its divergence at k = π/a,
that is a common problem for the density of states in
low-dimensional systems46. Taking into account that the
main contribution to the integral comes from the region
k ≈ kN , one obtains
T0 ≈ π2 NV12
N2kB
, (71)
where we have used the relation L/a ≈ N and the
inequality N ≫ 1. For example, in the case of a chain of
N = 20 silver NPs with R/d = 0.2 excited to the level
of N = 75 excitons one finds T0 ≈ 320 K.
When the lattice temperature is further decreased,
the total number of quasiparticles in the ”gas phase”
is given by Eq. (69). The remaining Nc = N − Ng
quasiparticles occupy the state with the lowest energy
EN = h¯ω1 + 2V12 cos kNa and form ”a condensate” in
the phase space, which is localized near the boundary of
the first Brillouin zone.
As far as the condensate is located in the non-radiative
region, it cannot radiate light. However the radiation
is possible through the Umklapp process if a 1D lattice
is disposed above a grating with the rulings oriented
perpendicularly to it and the grating period dg satisfies
the condition dg ≈ 2a, where we imply that the lattice
constant a is much less than the transition wavelength.
B. 2D lattice
We consider in this section a 2D array of NPs occupy-
ing a rectangular area S. The total number of quasipar-
ticles is given by
N = S
(2π)2
∫ π/a
−π/a
∫ π/b
−π/b
dkxdky
e[E(k)−µ]/kBT − 1 . (72)
where
E(k) = E0 + 2V12(cos kxa+ cos kyb). (73)
The critical temperature is found from the equation
N
S
=
1
π2
∫ kN1
0
∫ kN2
0
dkxdky
eǫ(k)/kBT0 − 1 (74)
with ǫ(k) = 2V12(2+coskxa+coskyb), kN1 = N1π/(N1+
1)a and kN2 = N2π/(N2 + 1)b.
A consideration similar to that given in Sec. VA leads
to the following result:
T0 ≈ π
2
NV12
N1N2kB
(
ln
N1N2√
N21 +N
2
2
)−1
. (75)
In this case the condensation occurs in the state char-
acterized by the wave vector kN1N2 = (kN1 , kN2) with
the energy EN1N2 = E0 +2V12(cos kN1a+ cos kN2b). Let
us note that in a square array (N1 = N2) with the same
total number of NPs N = N1N2 and excitons N as in a
1D chain the critical temperature is N/[π ln(N/2)] times
higher.
VI. CONCLUSION
In this paper, we have developed the theory of quan-
tum plasmonic excitations in plasmonic lattices formed
by spherical metal NPs. As a preliminary step, we have
given a detailed derivation of the surface plasmon modes
quantization in a single NP and obtained some basic
results, which are necessary for the further discussion.
We have shown that the quantum excitations in a
lattice are represented by the waves of the probability
amplitude and found their energy spectrum in both 1D
and 2D lattices. We noticed that such excitations when
being initially localized at a certain NP (Frenkel-like
plasmonic excitons) propagate across the lattice with
the group velocity whose direction is controlled by the
polarization of the exciting field. Having at hand the
wave functions of the excited plasmonic states, we have
calculated their radiative relaxation rates taking into
account the action of a reflective substrate.
Tuning to the higher excited plasmonic states of a
lattice, we introduced the concept of a Bose gas of
plasmonic excitons. We have analyzed the conditions
under which such a gas can be thermalized and found
that it can exhibit the Bose-Einstein condensation at
room temperature.
Appendix A: Explicit form of the tensors G¯0 and G¯R
The Fourier transforms G¯0,R(z, z′;κ, ω) have the fol-
lowing forms39,40:
G¯0(z, z′;κ, ω) = 2πiω˜2W−1m
×
[
(sˆsˆ+ pˆ0+pˆ0+)θ(z − z′)eiWm(z−z′)
+ (sˆsˆ+ pˆ0−pˆ0−)θ(z
′ − z)e−iWm(z−z′)
]
− 4πzˆzˆδ(z − z′)
(A1)
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and
G¯R(z, z′;κ, ω) = 2πiω˜2W−1m (sˆsˆRs + pˆ0+pˆ0−Rp)
×ei2Wmz0eiWm(z−z′),
(A2)
where ω˜ = (ω/c)
√
ǫm, z0 is the distance between the
NP chain and the substrate, κˆ, zˆ and sˆ = κˆ × zˆ are
the unit vectors along the corresponding directions,
pˆ0± = ω˜
−1(κzˆ ∓Wmκˆ), Wm = (ω˜2 − κ2)1/2, θ(x) is the
unit step function, and Rs and Rp are the Fresnel reflec-
tion coefficients for s- and p-polarized light, respectively.
Appendix B: Calculation of Rfi
After the substitution of the transition dipole moment
into Eq. (59) the transition rate takes the form
Rfi =
2ǫm + 1
3
ω1R
3 1
N
N∑
j,k=1
eikn(xj−xk)
× 1
2i(2π)2
∑
α,β
eαeβ
∫ [
Gαβ(z0, z0;κ, ωfi)e
iκx(xj−xk)
−G∗αβ(z0, z0;κ, ωfi)e−iκx(xj−xk)
]
dκxdκy,
(B1)
where it is implied that the x axis is directed parallel
to the chain of NPs so that all yj = 0 and all zj = z0.
Assuming that the number of NPs is large, extending
the summation over j from −∞ to ∞ and applying the
Poisson summation formula
∞∑
j=−∞
ei(kn±κx)ja =
2π
a
∞∑
p=−∞
δ
(
kn ± κx − 2π
a
p
)
,
(B2)
one obtains
Rfi ≈ (2ǫm + 1)ω1R
3
3a
θ
(
ωfi
√
ǫm
ckn
)
×
∑
α,β
eαeβ
∫
ImGαβ(z0, z0;κn, ωfi)dκy (B3)
with κn = kneˆx+κyeˆy, where we have taken into account
that the terms with p 6= 0 give no contribution to ImGαβ
if a ≪ 2πc/(ωfi√ǫm). Assuming here that the dipole
moments of NPs are oriented along one of the coordinate
axes, one finds
Rαfi ≈
(2ǫm + 1)ω1R
3
3a
θ
(
ωfi
√
ǫm
ckn
)
×
∫
ImGαα(z0, z0;κn, ωfi)dκy, (B4)
where α = x, y, z.
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